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Abstract
Combinatorial level densities are calculated using a fixed level scheme for several nuclei to study the energy dependence of
the level density parameter when the nucleus is either doubly magic, nearly magic or non-magic. It is shown that variations
of the level density parameter can be described from a general point of view only by an analytic expression which accounts
separately for proton and neutron shell effects.
 2004 Published by Elsevier B.V.
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Open access under CC BY license.Total level densities are among the key quantities in
statistical calculations in many fields, such as nuclear
physics, astrophysics, spallations neutrons measure-
ments, and studies of intermediate-energy heavy-ion
collisions. Very sophisticated theoretical approaches
have been developed to study total level densities
[1]. However, in practice analytical expressions which
contain several parameters adjusted on scarce exper-
imental data are generally prefered. The commonly
used analytical expressions [2–5] mainly differ in the
low excitation energy region where pairing correla-
tions play an important role. Above a given excitation
energy (typically 4–5 MeV), the functional form ob-
tained within the Fermi gas model [2] (FGM),
(1)ω(U)=
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π
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Open access under CC BY licenis usually used to describe the total state density re-
lated to the level density ρ(U,J ) for a given spin J by
ω(U)=∑J (2J + 1)ρ(U,J ). Eq. (1) depends on the
so-called level density parameter (LDP) a and is also
often modified to account for the pairing effects by in-
troducing an effective excitation energy U−∆ instead
of U [3–5]. In the following work, no pairing effects
are considered and the only parameter left is the LDP.
Even if the derivation of Eq. (1), relies on the
equidistant spacing model (ESM) which therefore
implies a constant LDP simply proportional to the
mass of the nucleus A, it has been shown [6], using
a more realistic model than the ESM, that Eq. (1)
remains valid if the constant LDP is replaced by an
energy dependent LDP. More precisely, when protons
and neutrons are distinguished, one can write this
energy dependence as
(2)a(U)= a0 + aN(U)+ aZ(U),
se.
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stant LDP a0 (expected from the ESM) which ac-
counts for the effect of the shell structure of the neu-
tron (respectively proton) single particle level scheme.
In Ref. [6], it is also claimed that both aN and aZ van-
ish with increasing excitation energy and that a(U) in-
creases with increasing U for nuclei near magic shell,
decreases for those in the mid-shell region, and re-
mains nearly constant in between. To account for such
a behavior, it has been suggested that the energy vari-
ation of a could be well described by the phenomeno-
logical expression [7]
(3)
a(U,A)= a˜(A)
[
1+ δW(Z,N)1− exp(−γU)
U
]
,
usually refered to as the Ignatyuk formula.
This expression clearly implies that the LDP in-
creases, decreases or remains constant depending on
the sign of the shell correction term δW(Z,N) to
reach the asymptotic level density value a˜(A). But
Eq. (3) also goes beyond since it also implies that neu-
tron and proton shell effects vanish the same way or
can be described with a unique parameter δW(Z,N).
In other words, the functional form (3) suggests that
Eq. (2) could be written as
a(U,A)= a˜(A)
[
1+ δW(Z)1− exp(−γZU)
U
(4)+ δW(N)1− exp(−γNU)
U
]
,
but is simplified as Eq. (3) since it is assumed that
γN = γZ . Our goal is to discuss this assumption,
namely see if it is always valid or if Eq. (4) should
be used with γN = γZ .
In order to study this question we have performed
combinatorial calculations of level densities using pro-
ton and neutron single particle level schemes (SPLs)
obtained from Hartree–Fock–Bogoliubov (HFB) cal-
culations based on the Gogny effective interaction
D1S [8] for 208Pb. The combinatorial method we use
has been described in [9] and only bound SPLs have
been considered. Indeed, as mentioned in [10], our
HFB approach provides us with too many SPLs with
positive energies, and we do not want our results to de-
pend on a somehow arbitrary criteria defining a cut-off
energy of these SPLs has it has been done in Ref. [11].
We therefore study first the extreme situation whereno continuum SPLs are taken into account and we will
discuss afterwards the impact of the SPLs with posi-
tive energies.
We have chosen such SPLs because 208Pb is a
doubly magic spherical nucleus for which shell effect
are known to be important. Consequently, the LDP
for this nucleus is expected to increase rapidly with
increasing excitation energy. It is important to mention
here that the SPLs we use are not supposed to be
realistic in terms of comparisons with experimental
data. Instead, they have the advantage of showing well
defined shells. It is also worth mentioning that even if
the SPLs obtained from the HFB + D1S method are
(2j + 1)-fold degenerate (since 208Pb is a spherical
nucleus), we have removed the degeneracy artificially
by splitting a degenerate shell with 2k states having the
same energy e0 into k 2-fold degenerate states. This
has been done by introducing a small spin dependence
in the new excitation energies of the k pairs writing
ek = e0 − 0.02|mk|, where mk is the half integer
corresponding to the spin of the pair of states. The
reason for this choice is that it enables us to consider
that the same single particle levels can be used for
slightly deformed nuclei for which only the 2-fold
degeneracy exists.
With these SPLs, level densities for 204Hg, 202Hg
and 198Hg are also computed to see the effect of
setting the Fermi energies more or less far from a shell
closure. The “combinatorial” level density parameter
acomb(U) is then extracted by fitting the obtained
combinatorial level density values with Eq. (1).
The level density parameters acomb for the four nu-
clei mentioned above are shown on Fig. 1. Of course,
since our SPLs are not equidistant but have strong
shell structure, acomb is generally not smooth for low
excitation energies and reflects the clustering struc-
ture of our SPLs. However, it becomes quickly smooth
with increasing excitation energy since the level den-
sities become less sensitive to the discrete structure of
the SPLs and only depends on the global shell struc-
ture.
Four types of behavior are observed for the varia-
tions of the LDP deduced from these fits. For 208Pb,
204Hg and 198Hg the variations are monotonic and can
thus be described reasonably well by Eq. (3). Our pur-
pose is not to discuss the parameters entering Eq. (3)
but we have verified that it was possible to fit correctly
acomb with such an analytic expression. The case of
266 S. Hilaire / Physics Letters B 583 (2004) 264–268Fig. 1. Level density parameters extracted from combinatorial level densities as function of the excitation energy.202Hg is very interesting since acomb first decreases up
to 30–40 MeV and then increases slowly. It is there-
fore trivial that a good representation of acomb cannot
be given with a type (3)-law. In such a case, we have
checked that the more general law (4) can give a good
representation of acomb. Again, our goal is not to dis-
cuss the five parameters required to fit acomb but we
want to make it clear that such situation may occur in
practical applications.
To understand this observation, it is interesting
to apply the combinatorial method to construct level
densities using exclusively proton or neutron SPLs.
Such calculations have been performed considering
that the proton SPLs correspond to a nucleus with Z =
82 and Z = 80 and similarly for neutrons SPLs with
N = 118, N = 122, N = 124 and N = 126. However,
in this case, only one component is considered for the
level density calculation and the LDP must now be
extracted by fitting the combinatorial results with
(5)ω(U)= exp(2
√
aU )√
48U
,
which is known to be the analog of Eq. (1) for a one
component approach. We will call from now on proton
(respectively neutron) LDP the LDP extracted froma combinatorial calculation based on proton (respec-
tively neutron) SPLs. The results are shown in Fig. 2.
As can be seen, for Z = 82 and Z = 80 as well as
for N = 124 and N = 126, there is a clear increase of
acomb. Moreover, as can be expected, the increase of
acomb is stronger for Z = 82 than for Z = 80 since the
shell effect is stronger forZ = 82 than forZ = 80. The
same remark holds true when comparing the results
obtained for N = 126 and N = 128. For N = 118, a
decrease of the neutron LDP is observed. The reason
is that in the SPLs we use, N = 118 corresponds to the
middle of a shell. Therefore, for a given excitation en-
ergy, the number of possible particle–hole excitations
is much higher than when N is close to a shell closure.
Such conclusions are very general as long as the Fermi
level is either very far or very close to a shell closure.
In such situations, the LDP parameter either clearly
increases or clearly decreases with increasing excita-
tion energies. However, in intermediate situations, the
observed behavior is not so clear. A good example is
given by the N = 122 case. As can be seen, the neu-
tron LDP slightly decreases for energies lower than
20 MeV and then slightly increases. On the average,
it could be considered as a constant as was indicated
in Ref. [6].
S. Hilaire / Physics Letters B 583 (2004) 264–268 267Fig. 2. One component level density parameters extracted from combinatorial level densities as function of the excitation energy.The variations observed in Fig. 1 can then be
qualitatively understood as the result of a competition
between the proton and neutron LDPs as we now
discuss:
(i) When the SPLs are such that the obtained pro-
ton and neutron LDPs in a one component approach
vary the same way, the level density parameter for the
corresponding nucleus follow the same variation. This
is the case for 208Pb as well as 204Hg. Both neutron
and proton LDP increase with excitation energy be-
cause the neutron and proton shell effects are strong
and consequently the LDP of the nucleus as a whole
also increases.
(ii) When the proton and neutron LDP display op-
posite variations, either both contribute equally or
one component imposes its behavior. For instance for
198Hg, the neutron shell effect dominates the proton
one and the LDP decreases even if the little oscilla-
tions observed for energies lower than 15 MeV are
probably a consequence of the competition between
proton and neutron SPLs shell structure. But if the
neutron shell effect becomes weaker, as for N = 122
for instance, the competition is clearly observed as for
the case of 202Hg.To study the impact of positive energies (unbound)
SPLs that we have not taken into account, we show in
Fig. 3 the level density parameters abound and aunbound
obtained in the two extreme situations where only
bound SPLs are considered, and where all the unbound
SPLs are taken into account. Of course, the true
solution lies in between these two extreme situations.
As can be seen, for low excitation energies (typically
below 30–40 MeV), aunbound and abound are almost
identical. Above, 40 MeV, as can be expected, the
level density parameter aunbound becomes significantly
larger than abound, but the qualitative behavior remains
the same. It is therefore clear that if the unbound states
were correctly accounted for, we would draw the same
conclusions as before.
In summary we have investigated the variation of
the level density parameter for model cases where the
proton and neutron level single particle level ener-
gies are fixed and only the number of fermions of the
nucleus and correspondingly the filling of the shells
are modified. It has been shown that the level den-
sity parameter variations with excitation energy can-
not always be reproduced with the simple analytic
expression which is however commonly adopted in
nuclear reaction models. A more complex functional
268 S. Hilaire / Physics Letters B 583 (2004) 264–268Fig. 3. Level density parameters extracted from combinatorial level densities as function of the excitation energy. The black triangles are
obtained when only bound SPLs are considered (same results as in Fig. 1). The grey triangles are obtained when all SPLs are taken into
account.form seems necessary for nuclei which have a pro-
ton (respectively neutron) number close to a magic
number and a neutron (respectively proton) number far
enough from a magic number. A systematic analysis of
extensive combinatorial calculation based on Hartree–
Fock–Bogoliubov single particle level schemes using
the D1S Gogny force is presently underway to see if
the behaviors observed in our present toy model are
also observed for more realistic single particle level
schemes.
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